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What this talk 1s about

Port-based teleportation Unitary estimation
I PBT = Feg 2 Fppr @
g | ‘ Fest = Fppr 2 Fey

Teleportation fidelity Fpp Estimation fidelity £,

Constructive proof for the equivalence!
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Port-based teleportation (PBT) s s homis 5o,

Universal programming of unitary operations

d) — c | Uld)  No-programming theorem: Universal programming is impossible
Pu) — |Py) = Probabilistic or non-exact implementation

Program state

Storage and retrieval (SAR) of quantum program via teleportation

If the Bell measurement outcome is (i, j), we get

D10l @ , o
' s (ol 1630 UX'Z | &)
o) 1 \‘(S;‘“*”] — Retrieval succeeds when (1, j) = (0,0)
—— S U4 §
cusntur Rt Success probability = 1/d?

Retrieval succeeds when Pauli correction is not needed
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SAR of quantum program via port-based teleportation (PBT)

Bob
e 1. Alice & Bob share 2N-qudit entangled state | )

Alice /BIQ‘E"Q

1n

% —ee

@c O+ ) 5@ @ sefeeft 2. Alice measures input state 6™ with her share of | )
e. ¥/ - 5 3. Al '
. ce sends the measurement outcome 1 to Bob
TneBe

4. Bob selects i-th port (no Pauli correction)

outcome i Q

Quantum state (I®" @ &®V)(|w){(y|) is the program state of &

Port-based teleportation is quantum teleportation without Pauli correction
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Port-based teleportation (PBT) :eoaamsaeime 00

Y. Yang, R. Renner, G. Chiribella, PRL 125, 210501 (2020)

Optimal protocols for SAR and PBT

Probabilistic exact (pPBT) Deterministic non-exact (dPBT)
Optimal pSAR = pPBT Optimal dSAR = unitary estimation = dPBT

| g— Success {1,....N}

8 or failure {0} Learning : - -

Ulé) : _

S i Mo C :

: 111 — ~

= e ——
U®n : Execution

Optimal probability pprr(N, d) = N/(N — 1 + d?) Optimal fidelity Fpgr(N,d) = 777

Is there any connection between unitary estimation and dPBT?
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Deterministic port-based teleportation (dPBT)
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Alice —» Bob

N
Teleportation channel A(p) = Z Tr%ﬂzvga[(na X Iv)(P Q | Pppr){PprT|)]

a=1

Figure of merit: Fppt = f(1;, /\)

Channel fidelity
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Definition of the tasks

Unitary estimation

Haar-random

@ Quantum circuit

Guess probability p(U | U) = Tr[M Uy @ U gf) | Do ) Dosi | Ly @ U gg )]

Figure of merit: F,, = JdUdﬁp(ﬁ\ U) U, U)
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Vain result

d-dim. dPBT with N = n + 1 ports d-dim. unitary estimation with n queries
’EAlémvvwl v By
B : p
Vo) e Bl 2 Fepr(n + 1.d) = Fey(n, d)

Explicit construction from one protocol to the other

Q_IH(/ Choose port a
a
Alice —-» Bob

One-to-one correspondence between dPBT and unitary estimation
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Vain result

(a) General protofol for dPBT

Ao

p
11,
-
OPBT
N
\ = Choose port a B~y

A 4

Egs. (S50), (S52) and (S54)

(b) Covariant protocol for dPBT

(c) General adaptive protocol for unitary estimation

(d) Parallel covariant protocol for unitary estimation

p —= ) Eq. (S115)
11, >
4 AN ¢
drpr| Eq. (S117)
| =5—— Choose port a Bo_ » p
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Egs. (S87), (S91) and (S92)

Conversion of the protocols between dPBT and unitary estimation
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J. Haah et al. FOCS (2023)

A pI ICat I O nS Y. Yang, R. Renner, G. Chiribella, PRL 125, 210501 (2020)
M. Christandl et al. Commun. Math. Phys. 381, 379-451 (2021)

Asymptotically optimal dPBT

Corollary. Fpp(N,d) =1 — O(d*N~?)

Optimal unitary estimation obeys Heisenberg limit: F, (n,d) = 1 — O(d*n=?)
— Optimal dPBT also satisfies Fpg(/V,d) = 1 — O(d*N~?)

Improved over the previous result 1 — O(d°’N™?) < Fppp(N,d) < 1 — Q(d*N™?)
Partially solves an open problem to determine hA(d) = lim [1 — Fppr(V, d)|N? = O(dY

N— o0
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Ap p I i Cat i O n S M. Mozrzymas at al. NJP 20, 053006 (2018)

Optimal unitary estimation forn <d — 1

n+1
Corollary. F, (n,d) = 7 forn<d-—1
N
Optimal PBT for N < d: Fpp(V, d) = ﬁ
n+1
— Optimal unitary estimationforn < d — 1: F_(n,d) = -

Optimal resource state for PBT = Optimal resource state for unitary estimation
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Optimal unitary inversion forn < d — 1

Unitary inversion

Haarrandom| —— {  —— ’ —
- Parallel

- Sequential
- Indefinite causal order

n+ 1
Theorem. FE N (n, d) = FORV(n, d) = F9*N(n, d) = ——

1nv 1nv 1nv dz

Measure-and-prepare is optimal for n < d — 1 even allowing indefinite causal order
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Proof technigues

1. Symmetry of the problem — Covariant protocol
2. Conversion between covariant protocols

(a) General protofol for dPBT

(c) General adaptive protocol for unitary estimation

P

a
PPBT
Choose port a

Egs. (S50), (S52) and (S54) Egs. (S87), (S91) and (S92)

v

O 1 2 n—1 n O n

)
My
-

A 4

(b) Covariant protocol for dPBT (d) Parallel covariant protocol for unitary estimation

) Eq. (S115)
11,

Eq. (S117)

Choose port a
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S. Ishizaka and T. Hiroshima, PRL 101, 240501 (2008)

Proof technigues

Optimal fidelity of dPBT given by semidefinite programming (SDP)

W.I.0.g. we can consider | ¢ppr) = (O n @ Lopn) | P™) v pn,
where Tr[O70] = d” and | @) is the maximally entangled state

C
idelity

L1,

Y 60 Hal " — Y 60

~/

M,>0, YM,=00@I=X®I

max Z Tr(Il o ]

s.t.11,>0, ) M,=X®]I Tr[X] = ad"
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S. Ishizaka and T. Hiroshima, PRL 101, 240501 (2008)

Proof techniques et o s o 129 500

Unitary and symmetric group symmetry of the SDP for dPBT

max Z Tr[I1 o, ]

s.t.11,>0, Y M,=X®]I Tr[X] = d" )

(X, U®¥] =0 VU e SU(d)

—> X = Z w,b, Pﬂ: Young projector
M ((]:d)@N — @ %ﬂ ® C"™
U

: Young diagram
VU € SU() Vr e S, H: RS EI8E

ed | —
Fpgr = W Mpgrw
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Unitary group symmetry for unitary estimation

B B W)
' v E
U U . T~ = TWA — : T ~ 1.

uH vHUuHWH uRvH__/
n =1y
Defining T := JdUTA, T satisfies [T, V" Q W®"] =0 VV,W € SU(d)
B N — H ) VT=Y0,e1,
Tl — 12| | 7-12| |T~| = T1/2|: T-12| [T . |
u u| = o . .
T T é {af u 5 a. Young diagram
u J u / : _____________ i u-i_ ________ ﬁ_i Fest — _)TMeStT}
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Proof technigues

1. Symmetry of the problem — Covariant protocol
2. Conversion between covariant protocols

(a) General protofol for dPBT (c) General adaptive protocol for unitary estimation

Ao

P Ha /- A U Oq Zo o On-1 Tn U O, _\
AN ¢ Al An—l MU

X Xo Xn—1 X

OPBT \_ .

Lo Choose port a Bo p
Egs. (550), (S52) and (S54) Egs. (S87), (S91) and (S92)

A 4 v

(d) Parallel covariant protocol for unitary estimation

) Eq. (S115)
I, >

Eq. (S117)

Choose port a
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Conversion between the covariant protocols

Covariant dPBT protocol Covariant unitary estimation protocol
Ao
" ﬁ\ v=Rw L T\
. ———

= < o My

5, W =Ry Nl L o B
| 5T Choose port a —>— ~ p

Fppr = WTMPBTW Fog = _)TMestT;
(MPBT)//{I/ — d2 (Mest)aﬁ — d2 [R(n’ d)]a//l T 5,u€a+

max Fppr = max eig(Mppr) = max sing(R)*/d*>  max F,, = max eig(M. ) = max sing(R)*/d”
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Conclusion

d-dim. dPBT with N = n + 1 ports d-dim. unitary estimation with n queries
p: Ao '
rsAlgN\/W v B,
- o '
N =n+ 1§ Aarvvw OppT MWWV Ba ~ By FPBT(n + 1.d) = Fest(n, d)
(s A -
\1? Choose port a Take-home: dPBT = unitary estimation!

a
Alice —» Bob

Explicit construction from one protocol to the other protocol via covariant protocol

X Covariant protocol may require more resources than non-covariant one (e.g. #qubits)

E.g. Adaptive unitary estimation using no auxiliary qubits in [J. Haah et al. FOCS (2023)]
Future work: Efficient conversion between unitary estimation and dPBT?

Thank you!
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