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• Result: Optimal construction of isometry adjointation
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A. Bisio and P. Perinotti, Proc. R. Soc. A 475, 20180706 (2019).
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• Quantum version
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• Quantum version
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• How to implement quantum supermaps?

G. Chiribella et al. PRL 101, 060401 (2008). 
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19Circuit implementation of supersupermaps

G. Chiribella et al. PRL 101, 060401 (2008). 

• How to implement quantum supersupermaps?
à Insert another quantum comb

=
Input supermap Output supermap
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21Motivation
• Typical task of higher-order quantum computation

• What kind of ! is implementable?
- Extension to non-unitary operation?
- Relationship between ! and " = $[!]?

!(#)'
Unknown operation

Given

G. Chiribella et al. PRL 101, 180504 (2008).   M. Quintino et al. PRL 123, 210502 (2019).   D. Trillo et al. PRL 130, 110201 (2023).
J. Miyazaki et al. PRR 1, 013007 (2019).   D. Ebler et al. arXiv:2206.00107.   Q. Dong at al. arXiv:1911.01645.   M. Araujo et al. NJP 16 093026 (2014).
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à Isometry operation
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• Two possible extensions to isometry
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• Isometry operations
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• Isometry operations

)! 0 + $|1⟩ ! 000 + $|111⟩
Encoder

Eg.

! 0 + $|1⟩! 000 + $ 111
+(|001⟩ ))

Subspace check & decode
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• Task:
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• Task:

+ calls

)%& )%&⋯

)%&)

Given
Unknown encoder

Decode

{Φ" , Φ#}
Subspace check

≈



30Isometry adjointation
• In other words, the task is:

Subspace check

Decode



31Isometry adjointation
• Result:
Given unitary inversion protocol, we can construct isometry 
adjointation protocol.

Unitary inversion Isometry adjointation

SY, A. Soeda and M. Murao, arXiv:2401.10137.



32Isometry adjointation
• Result:
Given unitary inversion protocol, we can construct isometry 
adjointation protocol.

- Achieves the optimal diamond-norm approximation error!
- Optimal approximation error for parallel: , = Θ(/*/+)

Unitary inversion Isometry adjointation

): input dimension of isometry, *: number of calls of the input isometry

SY, A. Soeda and M. Murao, arXiv:2401.10137.



33Numerical results
• Minimum value of approximation error
à Semidefinite programming



34Proof sketch
• Key idea
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43Deterministic and exact isometry inversion
• There exists a deterministic and exact unitary inversion protocol.

∀'%& ∈ SU(/)"'($%'%& '%&

Θ(0;) calls

⋯

SY, Akihito Soeda and Mio Murao, PRL 131, 120602 (2023).
Y.-A. Chen, Y. Mo, Y. Liu, L. Zhang and X. Wang, arXiv:2403.04704.
Tatsuki Odake, SY and Mio Murao, arXiv:2405.07625.
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• There exists a deterministic and exact unitary inversion protocol.

∀'%& ∈ SU(/)"'($%'%& '%&

Θ(0;) calls

⋯

SY, Akihito Soeda and Mio Murao, PRL 131, 120602 (2023).
Y.-A. Chen, Y. Mo, Y. Liu, L. Zhang and X. Wang, arXiv:2403.04704.
Tatsuki Odake, SY and Mio Murao, arXiv:2405.07625.

)%& )%&'()%&⋯ ∀)%& ∈ O%2.(/, <)

Θ(0;) calls
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• Higher-order quantum computation

• Result: Optimal construction of isometry adjointation

• Future works
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46Future works
• Application of isometry adjointation
- Property testing?

• Application of the quantum supersupermap
- Compression of the temporal quantum data?

⋯
⋯

-'( -'( = "'("'( ⋯∫ d$!"
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• Optimal approximation error for parallel: , = Θ(/*/+)
• Numerical results based on SDP

Summary

Unitary inversion Isometry adjointation

Inserting another quantum comb!

arXiv:2401.10137
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